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BOHR RADIUS FOR CERTAIN CLASSES OF STARLIKE AND
CONVEX UNIVALENT FUNCTIONS
VASUDEVARAO ALLU AND HIMADRI HALDER
Abstract. We say that a classF consisting of analytic functions f(z) =∑∞n=0 anzn
in the unit disk D := {z ∈ C : |z| < 1} satisfies a Bohr phenomenon if there exists
rf ∈ (0, 1) such that
∞∑
n=1
|anzn| ≤ d(f(0), ∂f(D))
for every function f ∈ F and |z| = r ≤ rf , where d is the Euclidean distance. The
largest radius rf is the Bohr radius for the class F . In this paper, we establish the
Bohr phenomenon for the classes consisting of Ma-Minda type starlike functions
and Ma-Minda type convex functions as well as for the class of starlike functions
with respect to a boundary point.
1. Introduction and Preliminaries
Let H denote the class of all analytic functions f in the unit disk D := {z ∈ C :
|z| < 1}. Each function f ∈ H has the following power series representation
(1.1) f(z) =
∞∑
n=0
anz
n.
For f ∈ H, the majorant series is defined by Mf (r) :=
∑∞
n=0 |an|rn for |z| = r < 1.
In 1914, Harald Bohr [16] obtained the following remarkable result.
Theorem A. Let f ∈ H be given by (1.1) and |f(z)| < 1 for all z ∈ D. Then
(1.2) Mf(r) :=
∞∑
n=0
|an|rn ≤ 1
for all z ∈ D with |z| = r ≤ 1/3. The constant 1/3, called the Bohr radius, cannot
be improved.
Harald Bohr initially obtained the inequality (1.2) for r ≤ 1/6. Later, Weiner,
Riesz and Schur have independently established the inequality (1.2) for r ≤ 1/3
and have shown that the constant 1/3 cannot be improved (see [37, 44, 47]). The
inequality (1.2) is popularly known as Bohr’s inequality. The Bohr’s inequality has
been extended to several complex variables by finding the multidimensional Bohr
radius (see [5, 6, 7, 14, 15]).
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The Bohr inequality (1.2) can be written in the following equivalent form
(1.3) d
(
∞∑
n=0
|anzn|, |a0|
)
=
∞∑
n=1
|anzn| ≤ d(f(0), ∂f(D))
for |z| = r ≤ 1/3, where d is the Euclidean distance. We say that H satisfies the
Bohr phenomenon if every function f ∈ H satisfies the inequality (1.3). The above
equivalent form (1.3) makes the notion of the Bohr phenomenon evident for a class
F consisting of analytic functions of the form (1.1) which map the unit disk D into
a given domain Ω ⊆ C such that f(D) ⊆ Ω. The class F is said to satisfy the Bohr
phenomenon if there exists rΩ ∈ (0, 1) such that every function f ∈ F satisfies the
inequality
(1.4) d
(
∞∑
n=0
|anzn|, |a0|
)
=
∞∑
n=1
|anzn| ≤ d(f(0), ∂f(D))
for all |z| = r ≤ rΩ. The largest radius rΩ is called the Bohr radius for the class
F . The question arises as to whether or not the largest radius rΩ is changed with
respect to different types of domains. The answer is affirmative. For any proper
simply connected domain Ω, Abu-Muhanna [1] has proved that the sharp radius is
rΩ = 3−2
√
2 for the class F . For a convex domain Ω, Aizenberg [7] has shown that
rΩ coincides with the classical Bohr radius 1/3. Bohr phenomenon for harmonic
mappings has also been extensively studied by several authors (see [4, 11, 17, 23, 24,
26, 30]). For more information about Bohr phenomenon stated above and further
related intriguing aspects, we refer the reader to the articles (see [2, 3, 8, 9, 12, 25]).
Let A denote the subclass of H consisting of functions normalized by f(0) =
f ′(0)− 1 = 0. Each f ∈ A has the following form
(1.5) f(z) = z +
∞∑
n=2
anz
n.
Let S ⊆ A be the family of univalent (i.e. one-to-one) functions. Let S∗(α) and C(α)
be the subclasses of S consisting of functions starlike of order α (0 ≤ α < 1) and
convex functions of order α (0 ≤ α < 1) respectively. A function f ∈ S belongs to
S∗(α) (respectively C(α)) if Re (zf ′(z)/f(z)) > α for z ∈ D (Re (1+zf ′′(z)/f ′(z)) >
α for z ∈ D respectively). It is known that f ∈ C(α) if, and only if, zf ′ ∈ S∗(α). The
classes S∗ := S∗(0) and C := C(0) are the family of starlike and convex functions
in D respectively. For more properties of starlike and convex functions, we refer the
reader to [18, 21, 46]. For two analytic functions f and g in D, we say that f is
subordinate to g, written f ≺ g in D, if there exists a schwarzian function ω : D→ D
with ω(0) = 0 such that f(z) = g(ω(z)) for z ∈ D. In particular, if g is univalent in
D, then f ≺ g if, and only if, f(0) = g(0) and f(D) ⊆ g(D). In 1992, Ma-Minda [32]
introduced the function classes S∗(φ) and C(φ) by unifying several earlier results on
subordination. For the brevity, we write.
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Definition 1.1. Let S∗(φ) and C(φ) denote the subclasses of S consisting of func-
tions characterized by
zf ′(z)
f(z)
≺ φ(z) and 1 + zf
′′(z)
f ′(z)
≺ φ(z)
respectively, where φ : D → D is called Ma-Minda function which is analytic and
univalent in D such that φ(D) has positive real part, symmetric with respect to the
real axis, starlike with respect to φ(0) = 1 and φ′(0) > 0. Let the Taylor series
expansion of φ(z) be of the form
(1.6) φ(z) = 1 +
∞∑
n=1
Bnz
n (B1 > 0)
for z ∈ D. Let M denote the class of all Ma-Minda functions in D.
We call S∗(φ) and C(φ) are the Ma-Minda type starlike and Ma-Minda type convex
classes associated with φ. It is known that f ∈ C(φ) if, and only if, zf ′ ∈ S∗(φ). For
φ(z) = (1+z)/(1−z) we have C(φ) := C and S∗(φ) := S∗. Evidently, for every such
φ described in Definition 1.1, S∗(φ) and C(φ) are always subclasses of the classes S∗
and C(φ) respectively.
It is worth noting that for particular choices of φ, the classes S∗(φ) and C(φ) gen-
erate several important subclasses of starlike and convex functions, respectively. For
instance, S∗(α) := S∗ ((1 + (1− 2α))/(1− z)) and C(α) := C ((1 + (1− 2α))/(1− z)),
the Janowski starlike class S∗[A,B] := S∗((1 + Az)/(1 + Bz)) and Janowski con-
vex class C[A,B] := C((1 + Az)/(1 + Bz)), where −1 ≤ B < A ≤ 1. If φ(z) =
((1 + z)/(1− z))α for 0 < α ≤ 1, then C(α) and S∗(α) are the classes of strongly
convex and strongly starlike functions of order α (see [33]). For
(1.7) φ(z) = 1 +
2
pi2
(
log
1 +
√
z
1−√z
)2
,
the class C(φ) (S∗(φ) respectively) is the family UCV (UST respectively) of nor-
malized uniformly convex (starlike respectively) functions introduced by Goodman
(see [19, 20, 41, 42]). Ma and Minda (see [33, 34]) have studied extensively the class
UCV. For 0 ≤ α < 1, Khatter et al. [27] introduced S∗α,e := S∗(α + (1− α)ez). For
α = 0, S∗α,e reduces to S∗e := S∗(ez) (see [36]). When φ(z) = 1+4z/3+2z2/3, the unit
disk D is mapped onto a domain bounded by a cardiod and corresponding Ma-Minda
starlike class S∗(φ) reduces to the class S∗C (see [43]). For φ(z) = 1 + z/(1 − αz2),
Kargar et al. [22] have introduced the class BS∗(α) := S∗(1 + z/(1 − αz2)), which
is associated with the Booth lemniscate. In 2016, Kumar and Ravichandran [28]
considered the class S∗R := S∗(φ0), where φ0 is the rational function
(1.8) φ0(z) = 1 +
z
k
(
k + z
k − z
)
, k =
√
2 + 1.
For φ(z) = (1 + sz)2 with 0 < s ≤ 1/√2, the class S∗(φ) reduces to ST L(s) :=
S∗ ((1 + sz)2) (see [35]).
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Ma and Minda have defined the following functions h, k ∈ S by
(1.9)
zh′(z)
h(z)
= φ(z) and 1 +
zk′′(z)
k′(z)
= φ(z).
Here h and k play the role of Koebe function for the classes S∗(φ) and C(φ), respec-
tively. Clearly, h and k belong to S∗(φ) and C(φ) respectively and zk′(z) = h(z).
The subordination and growth estimate for the class S∗(φ) have been obtained by
Ma and Minda (see [32]).
Lemma 1.10. [32] Let f ∈ S∗(φ). Then zf ′(z)/f(z) ≺ zh′(z)/h(z) and f(z)/z ≺
h(z)/z.
Lemma 1.11. [32] Assume f ∈ S∗(φ) and |z| = r < 1. Then
(1.12) − h(−r) ≤ |f(z)| ≤ h(r).
Equality holds for some z 6= 0 if, and only if, f is a rotation of h.
It has been pointed out in [32] that −h(−r) is increasing in (0, 1) and bounded
by 1 because each f ∈ S∗(φ) is normalized by f(0) = f ′(0) − 1 = 0. Therefore,
limr→1−h(−r) exists and denote it by −h(−1). The following subordination and
growth theorem for the class C(φ) have been established in [32].
Lemma 1.13. [32] Let f ∈ C(φ). Then zf ′′(z)/f ′(z) ≺ zk′′(z)/k′(z) and f ′(z) ≺
k′(z).
Lemma 1.14. [32] Assume f ∈ C(φ) and |z| = r < 1. Then
(1.15) − k(−r) ≤ |f(z)| ≤ k(r).
Equality holds for some z 6= 0 if, and only if, f is a rotation of k.
It is justified in [32] that −k(−r) is increasing in (0, 1) and bounded by 1 beacuse
each f ∈ C(φ) is normalized by f(0) = f ′(0) − 1 = 0. Therefore, limr→1−k(−r)
exists and denote it by −k(−1).
Ma and Minda [32] have introduced the analytic and univalent function φ with
certain conditions, one of which is φ′(0) > 0. Recently, Kumar and Banga [29] have
considered a non-Ma-Minda function Φ, obtained by altering only one condition,
namely Φ′(0) < 0, which is merely a rotation. Such a function Φ is named (see [29])
a non-Ma-Minda of type-A, here A signifies the condition Φ′(0) < 0.
Definition 1.2. An analytic and univalent function Φ defined in the unit disk D
is said to be a non-Ma-Minda of type A if it has positive real part in D, Φ(D)
is symmetric with respect to the real axis, starlike with respect to Φ(0) = 1 and
Φ′(0) < 0. Further, it has a power series expansion of the form:
(1.16) Φ(z) = 1 +
∞∑
n=1
Cnz
n (C1 < 0).
The class of all such functions of non-Ma-Minda of type A, we shall denote it by
MA.
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On the similar lines of Definition 1.1, Kumar and Banga has defined the classes
S∗(Φ) and C(Φ). It is worth noting that by mere replacing z by −z, i.e. Φ(z) =
φ(−z), each function in MA reduces to its Ma-Minda counter part. For instance,√
1 + z and 1− log(1− z) belong to the classM whereas √1− z and 1− log(1+ z)
belong to MA.
Observe that all the coefficients of φ ∈ M are not necessary to be positive. For
instance, some of the coefficients of φ(z) = z +
√
1 + z2 = 1 + z +2 /2− z4/8 + · · ·
and φ(z) = 1 + z − z3/3 are negative. The class S∗(z + √1 + z2) has been stud-
ied by Raina and Sokół [39]. Wani and Swaminathan [48] have studied the class
S∗Ne := S∗ (1 + z − z3/3).
In 1990, Silverman and Silvia [45] introduced the following clases G∗α and Gα.
Definition 1.3. Let G∗α denote the class of functions G analytic in D that satisfy
the following conditions:
(i) G is normalized by G(0) = 1 and G(1) = limr→−1 = 0,
(ii) G(D) lies in a sector with aperture 2(1− α)pi and vertex at the origin, and
(iii) G maps D univalently onto a domain that is starlike with respect to G(1).
In addition, let the constant function 1 belong to G∗α.
Definition 1.4. For α, let Gα denote the class of functions, G with G(z) = 1 +∑∞
n=1 dnz
n, analytic and non-vanishing in D which satisfy
(1.17) Re
(
zG′(z)
G(z)
+
(1− α)(1 + z)
1− z
)
> 0
for z ∈ D.
For α = 1/2, Robertson [40] has studied extensively the classes G∗1/2 and G1/2 and
has conjectured that they are equal. This conjecture was proved by Lyzzaik in 1984
(see[31]). In more general, for all α, 0 ≤ α < 1, Silverman and Silvia have shown
that G∗α = Gα by proving closely related property of Gα with S∗(α).
Lemma 1.18. [45] A function G is in Gα if, and only if, there exists a function
s ∈ S∗(α) such that
G(z) = (1− z)2(1−α) s(z)
z
.
The regions of variability for the class Gα has been studied extensively by Pon-
nusamy et al. [38]. The folowing growth theorem for the class Gα has been estab-
lished by Silverman and Silvia [45].
Lemma 1.19. [45] If g ∈ Gα then
(1.20)
(
1− r
1 + r
)2(1−α)
≤ |g(z)| ≤
(
1 + r
1− r
)2(1−α)
for |z| = r. Equality holds for g(z) = ((1− z)/(1 + z))2(1−α) at z = r and z = −r.
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In 2018, Bhowmik and Das [13] proved an interesting result for subordination
classes. Let f and g be two analytic functions in D such that g ≺ f . Let
(1.21) g(z) =
∞∑
n=0
cnz
n.
Lemma 1.22. [13] Let f and g be anlytic in D with Taylor expansions (1.1) and
(1.21) respectively and g ≺ f , then
(1.23)
∞∑
n=0
|cn|rn ≤
∞∑
n=0
|an|rn
for z| = r ≤ 1/3.
The following coefficients bounds for the class S∗(α) are required to obtain the
Bohr radius for the class Gα.
Lemma 1.24. [21] Let f ∈ S∗(α) be given by (1.15). Then
|an| ≤ 1
(n− 1)!
n∏
k=0
(k − 2α) for n ≥ 2.
The equalities in above estimates are attained for f(z) = z/(1− z)2(1−α) for z ∈ D.
In this paper, we establish the Bohr phenomenon for the classes S∗(φ) and C(φ),
where all the coefficients of associated Ma-Minda function φ are positive such that
φ ∈ H2, the Hardy class of analytic functions in D. As a consequence, we obtain
several important corollaries for particular choices of φ. We also obtain the Bohr
radius for the class Gα, starlike functions with respect to the bounday point.
2. Main results
Using Lemmas 1.10, 1.11 and 1.22, we obtain Bohr radius for the class S∗(φ).
Theorem 2.1. Let f ∈ S∗(φ) be given by (1.5) and φ(z) be given by (1.6) with all
Bn > 0, n ≥ 1 such that φ ∈ H2, the Hardy class of analytic functions in D. Then
(2.2) |z|+
∞∑
n=0
|an||z|n ≤ d(f(0), ∂f(D))
for |z| = r ≤ min{rf , 1/3}, where rf is the smallest positive root of
(2.3) h(r) + h(−1) = 0
in (0, 1) and h(z) is defined in (1.9).
Remark 2.1. Since Φ ∈ MA is obtained from φ ∈ M by mere replacing z by
−z, the image of D under the functions Φ and φ are identical. Therefore we have
S∗(Φ) = S∗(φ) and hence the Bohr radius for the class S∗(Φ) is same as that of
S∗(φ).
As a consequence of Theorem 2.1, we obatin the following corollaries for particular
choices of φ.
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Corollary 2.4. For φ(z) = α + (1 − α)ez, we have S∗α,e := S∗(α + (1 − α)ez).
Let f ∈ S∗α,e be given by (1.5) with 0 ≤ α < 0.05284. Then the inequality (2.2) is
satisfied for |z| = r ≤ rf , where 0 < rf < 1/3. The radius rf is the best possible.
In particular, for α = 0 in Corollary 2.4, we obtain the sharp Bohr radius for the
class S∗e .
Corollary 2.5. For φ(z) = 1 + 4z/3 + 2z2/3, S∗(φ) reduces to S∗C. For f ∈ S∗C of
the form (1.5), the inequality (2.2) is satisfied for |z| = r ≤ rf , where 0 < rf < 1/3.
The radius rf is the best possible.
Corollary 2.6. Let φ be the rational functon such that φ(z) = 1+(z/k) ((k + z)/(k − z)),
where k =
√
2 + 1. Then S∗(φ) reduces to the class S∗R. Then the ineuality (2.2) is
satisfied for |z| = r ≤ 1/3 for the class S∗R.
Corollary 2.7. For φ(z) = (1 + Az)/(1 + Bz), the class S∗(φ) reduces to the
Janowski starlike class S∗[A,B]. Let f ∈ S∗[A,B] be given by (1.5) with −1 ≤ B <
(1 − 3k)/(1 + 3k) < 0 and 0 ≤ A ≤ 1, where k = B/(B − A). Then the ineuality
(2.2) is satisfied for |z| = r ≤ rf , where 0 < rf < 1/3. The radius rf is the best
possible.
Corollary 2.8. For φ(z) = 1+ z/(1−αz2), the class S∗(φ) reduces to BS∗(α). Let
f ∈ BS∗(α) be given by (1.5) with 0 ≤ α < 1. Then the inequality (2.2) is satisfied
for |z| = r ≤ rf , where 0 < rf < 1/3. The constant rf cannot be improved.
Corollary 2.9. Let φ = (1 + sz)2, then S∗(φ) reduces to the class ST L(s). Let
f ∈ ST L(s) be given by (1.5) with 0.444981 < s ≤ 1/
√
2. Then the inequality (2.2)
satisfied for |z| = r ≤ rf , where 0 < rf < 1/3. The radius rf is the best posible.
By using Lemmas 1.14 and 1.22, we establish Bhor phenomenon for the class C(φ).
Theorem 2.10. Let f ∈ C(φ) be given by (1.5) and φ(z) be given by (1.6) with all
Bn > 0, n ≥ 1 such that φ ∈ H2, the Hardy class of analytic functions in D. Then
(2.11) |z|+
∞∑
n=0
|an||z|n ≤ d(f(0), ∂f(D))
for |z| = r ≤ min{rf , 1/3}, where rf is the smallest positive root of
(2.12) k(r) + k(−1) = 0
in (0, 1) and k(z) is defined in (1.9).
Let G ∈ Gα with the power series representation
(2.13) G(z) = 1 +
∞∑
n=1
dnz
n, z ∈ D.
By using Lemmas 1.18, 1.19 and 1.24, we obtain the sharp Bhor radius for the class
Gα.
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Theorem 2.14. Let G ∈ Gα be given by (2.13). Then
(2.15)
∞∑
n=1
|dn||z|n ≤ d(G(0), ∂G(D))
for |z| = r ≤ rf , where rf = (21/2(1−α) − 1)/(21/2(1−α) +1). The radius rf is the best
possible.
3. Proof of the main results
Proof of Theorem 2.1. Let f ∈ S∗(φ) then in view of Lemma 1.11, we have
(3.1) |f(z)| ≥ −h(−r) for |z| < 1.
By taking lim inf as |z| = r → 1 on both the sides of (3.1), we obtain
(3.2) lim inf
|z|→1
|f(z)| ≥ −h(−1).
The Euclidean distance between f(0) and the boundary of f(D) is given by
(3.3) d(f(0), ∂f(D)) = lim inf
|z|→1
|f(z)− f(0)|.
Since f(0) = 0 from (3.2) and (3.3), we obtain
(3.4) d(f(0), ∂f(D)) ≥ −h(−1).
It is known that φ ∈ H2 if, and only if,
(3.5)
∞∑
n=1
|Bn|2 < +∞.
From (3.5) we have
(3.6)
∞∑
n=1
Bn
n
≤
√√√√ ∞∑
n=1
|Bn|2
√√√√ ∞∑
n=1
1
n2
< +∞.
Let
(3.7) h(z) = z +
∞∑
n=2
bn z
n for z ∈ D.
In view of (1.9), we obtain zh′(z)/h(z) = φ(z) and a simple computation shows that
(3.8) h(z) = z exp

 z∫
0
φ(t)− 1
t
dt

 ,
where integgration is along the linear segment joing 0 to z ∈ D. From (1.9) and
(3.8), we btain
(3.9) h(z) = z exp
(
∞∑
n=1
Bn
zn
n
)
.
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Let H : [0, 1]→ R be defined by
H(r) = h(r) + h(−1).
From (3.6), (3.8) and (3.9), it is easy to see that H is continuous in [0, 1] and
differentiable in (0, 1). Note that H(0) = h(−1) < 0 and H(1) = h(1) + h(−1).
Clearly,
h(1) = exp
(
∞∑
n=1
Bn
n
)
and h(−1) = exp
(
∞∑
n=1
(−1)nBn
n
)
.
Since Bn > 0 for n ≥ 1,
∞∑
n=1
Bn
n
>
∞∑
n=1
(−1)nBn
n
.
Therefore,
h(1) = exp
(
∞∑
n=1
Bn
n
)
> exp
(
∞∑
n=1
(−1)nBn
n
)
= −h(−1)
which implies that H(1) > 0. Since H(0) < 0 and H(1) > 0, by the intermediate
value property, H has one real root in (0, 1). Let rf be the smallest positive root of
H in (0,1). Thus H(rf) = 0, which is equivalent to
(3.10) h(rf) = −h(−1).
From (3.7) and (3.9), we obtain
(3.11) h(z) = z +
∞∑
n=2
bn z
n = z exp
(
∞∑
n=1
Bn
zn
n
)
for z ∈ D.
Therefore,
|z|+
∞∑
n=2
|bn||z|n = |z| exp
(
∞∑
n=1
|Bn| |z|
n
n
)
(3.12)
= r exp
(
∞∑
n=1
Bn
rn
n
)
= h(r).
In view of Lemma 1.22 and (3.11), for |z| = r, we obtain
(3.13) r +
∞∑
n=2
|an|rn ≤ r +
∞∑
n=2
|bn|rn = h(r) for r ≤ 1
3
.
For r ≤ rf , we have
(3.14) h(r) ≤ h(rf) = −h(−1).
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Combining (3.4), (3.13) and (3.14), we conclude that
r +
∞∑
n=2
|an|rn ≤ −h(−1) ≤ d(f(0), ∂f(D))
for r ≤ min{rf , 1/3}. If rf lies in (0, 1/3], then rf is the best possible. Let 0 < rf ≤
1/3. To show the sharpness of rf , we choose f to be a suitable rotation hǫ of the
function h i.e. f = hǫ which is obviously belongs to S∗(φ). Since equality in Lemma
1.11 occurs for a suitable rotation of h, we have
(3.15) d(hǫ(0), ∂hǫ(D)) = −hǫ(−1).
A simple computation using (3.10) and (3.15), for f = hǫ and |z| = rf shows that
|z|+
∞∑
n=0
|an||z|n = hǫ(r) = −hǫ(−1) = d(hǫ(0), ∂hǫ(D)).
Therefore, the radius rf ∈ (0, 1/3) is the best possible. This completes the proof. 
Proof of Corollary 2.4. Given that φ(z) = α+ (1− α)ez and each coefficient of
φ(z) is strictly positive for 0 ≤ α < 1. By the similar lines of argument as in the
proof of Theorem 2.1, consider H(r) = h(r) + h(−1). Note that
h
(
1
3
)
=
1
3
exp

(1− α)
1
3∫
0
(−1 + et
t
)
dt

 ≈ 1
3
(1.43807)1−α
and
h(−1) = − exp

(1− α)
−1∫
0
(−1 + et
t
)
dt

 ≈ −(0.450859463)1−α.
Therefore, using Mathematica we can see that H(1/3) = h(1/3)+h(−1) > 0 if, and
only if, 0 ≤ α < 0.05284. On the other hand, H(0) = h(−1) < 0. Therefore we
conclude that H has a root in (0, 1). Since rf is the smallest root of H in (0, 1), we
have rf < 1/3. Hence in view of Theorem 2.1, rf is the best possible. 
Proof of Corollary 2.5. Let φ(z) = 1 + 4z/3 + 2z2/3. A simple computation
shows that
h(r) = r exp
(
4
3
r +
r2
3
)
.
Note that h(1/3) ≈ 0.539490 and h(−1) ≈ −0.367879441. Let
H(r) = h(r) + h(−1).
Then H(0) ≈ −0.3678799441 < 0 and H(1/3) > 0. Therefore, H has a root in
(0, 1/3). Let rf be the smallest root in (0, 1/3). In view of Theorem 2.1, rf is the
best possible. 
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Proof of Corollary 2.6. For φ(z) = 1+(z/k) ((k + z)/(k − z)), where k = √2+1,
a simple computation using (3.8) shows that
h(r) =
r
er
(
k
k − r
)2k
.
Note that h(−1) ≈ −0.5099807 and h(1/3) ≈ 0.489391446. Hence H(1/3) =
h(1/3) + h(−1) < 0 and H(0) < 0. Therefore H has no root in (0, 1/3) and
rf > 1/3. Hence the inequality (2.2) is satisfied for r ≤ 1/3. 
Proof of Corollary 2.7. Let φ(z) = (1 + Az)/(1 + Bz) with −1 ≤ B < A ≤ 1.
It is easy to see that the coefficients of φ(z) are all positive when −1 ≤ B ≤ 0. A
simple computation using (3.8) yields
h(r) = r (1 +Br)(
A−B
B ) .
Let H(r) = h(r) + h(−1). Then H(0) < 0 and
H
(
1
3
)
= h
(
1
3
)
+ h(−1) = 1
3
(
1 +
B
3
)(A−BB )
− (1− B)(A−BB ) .
A simple computation shows that H(1/3) > 0 when −1 ≤ B ≤ (1 − 3k)/(1 + 3k),
where k = (B − A)/B. Therefore, H has a root in (0, 1). Let the smallest root
of H in (0, 1/3) be rf . In view of Theorem 2.1, we conclude that for r ≤ rf , the
inequality (2.2) is satisfied and the radius rf is the best possible. 
Proof of Corollary 2.8. Here φ(z) = 1 + z/(1 − αz2). Using (3.8), we obtain
h(r) = r
(
1 +
√
α r
1−√α r
) 1
2
√
α
.
Clearly, h(−1) = −
(
1 +
√
α
1 +
√
α
) 1
2
√
α
and h
(
1
3
)
=

1 +
√
α
3
1 +
√
α
3


1
2
√
α
.
Let H(r) = h(r) + h(−1). Then H(0) < 0 and H(1/3) = h(1/3) + h(−1) > 0 for
0 ≤ α < 1. Therefore, H has a root in (0, 1/3) and choose rf to be the smallest root
in (0, 1/3). By Theorem 2.1, the radius rf is the best possible. 
Proof of Corollary 2.9. Let φ(z) = (1 + sz)2 with 0 < s ≤ 1/√2. Using (3.8),
we obtain
h(r) = r exp
(
s
(
2r +
sr2
2
))
.
Let H(r) = h(r) + h(−1). Note that H(0) < 0 and
H
(
1
3
)
=
1
3
exp
(
s
(
s+ 12
18
))
− exp
(
s
(
−2 + s
2
))
> 0,
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if 0.444981 < s ≤ 1/√2. Therefore, H has a real root in (0, 1/3). Let rf be
the smallest root in (0, 1/3). In view of Theorem 2.1, the radius rf is the best
possible. 
Proof of the Theorem 2.10. Let f ∈ C(φ) then from Lemma 1.14, it is evident
that
(3.16) d(f(0), ∂f(D)) = lim inf
|z|→1
|f(z)− f(0)| ≥ −k(−1).
It is known that f ∈ C(φ) if, and only if, zf ′ ∈ S∗(φ). Therefore, there exists
g ∈ S∗(φ) such that zf ′(z) = g(z) for z ∈ D. This relation gives
(3.17) f(z) =
z∫
0
g(t)
t
dt.
Let f(z) = z +
∑∞
n=2 anz
n and g(z) = z +
∑∞
n=2 bnz
n. Then from (3.17), we obtain
(3.18) z +
∞∑
n=2
anz
n = z +
∞∑
n=2
bn
n
zn.
Note that the majorant series for g, we have Mg(r) := r +
∑∞
n=2 |bn|rn. Then
r∫
0
Mg(t)
t
dt = r +
∞∑
n=2
|bn|r
n
n
(3.19)
= r +
∞∑
n=2
|an|rn
= Mf (r).
Since we have zk′(z) = h(z), then going by same lines of argument as in (3.19), we
obtain
(3.20) Mk(r) =
r∫
0
Mg(t)
t
dt.
In view of Lemma 1.22, we have
(3.21) Mg(r) ≤Mh(r) for r ≤ 1
3
.
Using (3.19), (3.20) and (3.21), for r ≤ 1/3, we obtain
(3.22) Mf(r) ≤
r∫
0
Mh(t)
t
dt = Mk(r) = k(r).
By the same lines of argument as in Theorem 2.1, we can show that H1 : [0, 1]→ R
defined by H1(r) = k(r) + k(−1) has a real root in (0, 1). Let rf be the smallest
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root of H1 in (0, 1) and H1(rf) = 0, which follows that k(rf) = −k(−1). Therefore,
for r ≤ min{rf , 1/3}, we obtain
Mf (r) ≤ k(r) ≤ −k(−1) ≤ d(f(0), ∂f(D)).
Let 0 < rf ≤ 1/3. To show the sharpness of rf , we choose f to be a suitable rotation
kǫ of the function k i.e. f = kǫ which is obviously belongs to C(φ). Since the equality
in Lemma 1.14 occurs for a suitable rotation of k, we obtain
(3.23) d(kǫ(0), ∂kǫ(D)) = −kǫ(−1).
A simple computation using (3.16), for f = kǫ and |z| = rf , shows that
|z|+
∞∑
n=0
|an||z|n = kǫ(r) = −kǫ(−1) = d(kǫ(0), ∂kǫ(D)).
Therefore, the radius rf ∈ (0, 1/3) is the best possible. This completes the proof. 
Proof of the Theorem 2.14. Let G ∈ Gα be given by (2.13). Then from Lemma
1.19, it is evident that
(3.24) d(G(0), ∂G(D)) = lim inf
|z|→1
|G(z)−G(0)| ≥ 1.
In view of Lemma 1.18, we have the following relation
(3.25) G(z) = (1− z)2(1−α) s(z)
z
.
For s ∈ S∗(α), using Lemma 1.24 we obtain
(3.26) Ms(r) ≤ r
(1− r)2(1−α)
for 0 < r < 1, where Ms(r) is the associated majorant series of s. It is known that
for f and g be two analytic functions in D,
(3.27) Mfg ≤MfMg
for 0 < r < 1, where Mfg, Mf and Mg are the associated majorant series of fg, f
and g respectively. In view of (3.25), (3.26) and (3.27), for |z| = r, we obtain
MG(r) = 1 +
∞∑
n=1
|dn||z|n(3.28)
≤ (1 + |z|)2(1−α)Ms(r)
r
≤ (1 + r)
2(1−α)
(1− r)2(1−α) .
Therefore from (3.28), we obtain
(3.29)
∞∑
n=1
|dn||z|n ≤ (1 + r)
2(1−α)
(1− r)2(1−α) − 1.
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The right hand side of (3.29) is less than or equal to 1 ≤ d(G(0), ∂G(D)) if
(1 + r)2(1−α)
(1− r)2(1−α) ≤ 2
i.e. for r ≤ rG := (21/2(1−α)−1)/(21/2(1−α)+1). To show that rG is the best possible,
we consider the function Gα : D→ C defined by
Gα(z) =
(
1− z
1 + z
)2(1−α)
.
From Lemma 1.19, for G = Gα, we have
d(G(0), ∂G(D)) = 1.
For G = Gα and |z| = rG, a simple computation shows that
∞∑
n=1
|dn||z|n =
(
1 + rG
1− rG
)2(1−α)
− 1 = 1 = d(G(0), ∂G(D)).
This shows that the radius rf is the best posible. This completes the proof. 
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